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2 ( 15 5)x −= − = ⋅ 2(x 2) 3 ( 31)−− = − = ⋅
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1 i− =

„imaginäre Einheit“  mit der Eigenschaft 2i 1= −

����������	 i∉�
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2 ( 1x 5 * 5)−= − = 2(x 2) 3 ( 31)−− = − = ⋅
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1,2x ( 1) 5= ± − ⋅
1,2x 2 ( 1) 3= ± − ⋅

1,2 ix 5= ± ⋅ 1,2x 2 i 3= ± ⋅
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{ }r r i 1i |⋅ ∈ ∧ = −���
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i i für allr rer⋅ = ⋅ ∈�
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a b mit a,i b i 1+ ⋅ ∈ ∧ = −�
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{ }z | z a b | a,b ii 1= + ⋅ ∈ ∧ = −� ��
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a b b ai i für alle z+ ⋅ = ⋅ + ∈�
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1 2 1 2z ;z mit z a bi und z c di∈ = + = +�

1 2z z (a c) (b d)= ⇔ = ∧ =
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2 i3+ ⋅

1 i1+ ⋅

1
3 8

i3− + ⋅ (1 5) 2 i− + ⋅ 0 i0+ ⋅

2 3 2 ( 3)i i− ⋅ = + − ⋅
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*z a b a ( bi ) i= − ⋅ = + − ⋅
z a b i= + ⋅
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a b i a (b i)+ ⋅ = + ⋅
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(a b i) (c d i) (a c) (b d) i+ ⋅ + ⋅ = + + + ⋅⊕
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∗
M∈

(M, )∗

G1)                                                             „Abgeschlossenheit“ a b M für alle a,b M∗ ∈ ∈

G2)                                                             „AG“ (a b) c a (b c) für alle a,b,c M∗ ∗ = ∗ ∗ ∈

G3)      Für jedes  a            existiert ein neutrales

Element n     derart, dass „NE“      

M∈

a n a∗ =

G4)      Für jedes  a            existiert ein inverses

Element derart, dass    * a =n ist.                „IE“       a a

M∈

M∈
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(a b i) (c d i) (a c) (b d) i
∈ ∈
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+ ⋅ + ⋅ = + + +⊕ ⋅
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�1 2z , z ∈� 1 2z z⊕ ∈�

������	���.����� 1 2z a b i und z c d i= + ⋅ = + ⋅ ∈�
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(a b i) ((c d i) (e f i))+ ⋅ ⊕ + ⋅ ⊕ + ⋅ =

((a b i) (c d i)) (e f i)+ ⋅ + ⋅ + ⋅⊕ ⊕ =
((a c) (b d) i)) (e f i)+ + + ⋅ + ⋅⊕ =

(((a c) e) ((b d) f ) i))+ + + + + ⋅ =

((a (c e)) (b (d f )) i))+ + + + + ⋅ =

Def. von

Def. von

AG in 

Def von

⊕

�

⊕

⊕

1 2 3z a b i ; z c d i ; z e f i= + ⋅ = + ⋅ = + ⋅.����� ��� ��� ��������������������∈�

8 ��������������������������� �9�  ��� ���������⊕ ⊕

 ���������������������������8 ������������������� �9 �⊕ ⊕
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�1 2 3z ,z ,z ∈� 1 2 3 1 2 3(z z ) z z (z z )⊕ ⊕ = ⊕ ⊕
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n 0 0 i= + ⋅ ( , )⊕�

������	��.���� :���������������
���������∈� z a b i= + ⋅

n z
(0 0 i) (a b i)
((0 a) (0 b) i
a b i
z

⊕ =
+ ⋅ ⊕ + ⋅ =
+ + + ⋅ =

+ ⋅ =
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�����∈�z a b i= + ⋅
z z
(a b i) (( a) ( b) i)
((a ( a)) (b ( b)) i
(a ( a)) (b ( b)) i
0 0 i
n

⊕ =
+ ⋅ ⊕ − + − ⋅ =
+ − + + − ⋅ =

+ − + + − ⋅ =
+ ⋅ =
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z ( a) b) i(= − + − ⋅
( , )⊕�

z a b i= + ⋅
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1 2z a b i ; z c d i= + ⋅ = + ⋅.����� ��� �������������������∈�

(c d i) (a b i)+ ⋅ + + ⋅ =

(a b i) (c d i)+ ⊕⋅ + ⋅ =
(a c) (b d) i+ + + ⋅ =

(c a) (d b) i+ + + ⋅ =

Def. von

KG in 

Def von

⊕
�

⊕

���(	�#*���
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�1 2z ,z ∈� 1 2 2 1z z z z⊕ = ⊕

1 2z z⊕ =

2 1z z⊕ =
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1 2 1 2z z z z=− ⊕
�*���
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∈�

z ∈�

2z ( z)= −

1 2 1 2z z z ( z )− ⊕ −=
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(a b i) (c d i) (a c b d) (a d b c) i+ ⋅ + ⋅ = ⋅ − ⋅ + ⋅ + ⋅ ⋅�
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1 2 3z a b i ; z c d i ; z e f i= + ⋅ = + ⋅ = + ⋅.����� ��� ��� ��������������������∈�

((a b i) (c d i)) (e f i)+ ⋅ + ⋅ + ⋅ =� �

((ac bd) (ad bc) i)) (e f i)− + + ⋅ + ⋅ =�

�

�

�
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�1 2 3z ,z ,z ∈� 1 2 3 1 2 3(z z ) z z (z z )=� � � �

1 2 3z (z z ) =� �

((ac bd)e (ad bc)f ) ((ad bc)e (ac bd)f )i− − + + + + − =

1 2 3

(a(ce cf ) b(cf de)) ( a(cf de) b(ce df ) )i
(a bi) ( (ce df ) (cf de)i )
(a bi)( (c di) (e fi) )
z (z z )

− − + + + + − =
+ − + + =
+ + + =
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AG in
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n 1 0 i= + ⋅ ( , )� �

������	��.���� :���������������
���������∈� z a b i= + ⋅

n z
(1 0 i) (a b i)
(1a 0b) (0a 1b) i
a b i
z

=
+ ⋅ + ⋅ =

− + + ⋅ =
+ ⋅ =
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�����∈ �z a b i= + ⋅

2 2 2 2

2 2

2 2 2 2 2 2 2 2

z z
a b(a b i)

a b a b
a b ba ab i

a b a b a

i

b a b
1 0 i
n

=

 + ⋅ − ⋅ = + + 
 + + − ⋅ = + + + + 

+ ⋅ =

�

�

���(	���������������������������������������������� ��� ��������

4
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2 2 2 2
a bz

a b a b
i= − ⋅

+ +
( *, )� �

z a b i= + ⋅

a 0 oder b 0≠ ≠
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1z− 1
z
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1 2z a b i ; z c d i= + ⋅ = + ⋅.����� ��� �������������������∈�

(a b i) (c d i)
(ac bd) (ad bc)i
(ca db) (da cb)i
(c d i) (a b i)

+ ⋅ + ⋅ =
− + + =
− + + =

+ ⋅ + ⋅ =
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�1 2z ,z ∈� 1 2 2 1z z z z=� �

1 2z z =�

2 1z z⊕
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1 2 3

1 2 3 1 2 1 3

1 2 1 3

Für alle z ;z ;z gilt :
z (z z ) (z z ) (z z )

z z z z

∈
⊕ = ⊕

= ⊕

�

� � �

� �

1 2 3z a b i ; z c d i ; z e f i= + ⋅ = + ⋅ = + ⋅.����� ��� ��� ��������������������∈�

1 2 3

1 2 1 3

1 2

z (z z )
(a bi) ((c e) (d f )i)
(a(c e) b(d f )) (a(d f ) (b(c e))i
(ac ae) bd bf )) ((ad af ) (bc be))i
((ac bd) (ae bf )) ((ad bc) (af be))i
( (ac bd) (ad bc)i ) ( (ae bf)) (af be) )i
(z z ) (z z )

z z

⊕ =
+ + + + =

+ − + + + + + =
+ − − + + + + =
− + − + + + + =
− + + ⊕ − + + =

⊕
= ⊕

�

�

� �

� 1 3z z�
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( , )⊕�

( *, )� �

( , , )⊕� �

Ab sofort schreiben wir für               nur noch ,⊕ � ,+ ⋅
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1
1 1 2

2 2

z 1z für alle z und z *
z z

∈= ∈� � �

*∈�

1z
z

= ∈�
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z ∈�
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z mit z a bi∈ = +� ��
�
2 2z a b= +

0z +∈�
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z mit z a bi versteht man unter z
diejenigen komplexen Zahlen für die

z z gilt.

∈ = +

=

�

2 2

2 2

15 8i i
15 8i ( ) (2 )i

15
2 8

( 1 4) ( 1 4)

α β
α β αβ

α β
αβ

α β α β

− − = +
⇒ − − = − +

− = −
⇒

= −
⇒ = ∧ = − ∨ = − ∧ =

����+��
�5

15 8i 1 4i bzw. 15 8i 1 4i− − = − − − = − +
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2

2

15 15 0i i
15 ( ) (2 )i

15
2 0

2 0 0 0

1.Fall : 0 15 15

d.h. 15 0 15 i 15 0 15 i
2.Fall : 0 15 keineLösung,weil

α β
α β αβ

α β
αβ

αβ α β

α β β

β α α

− = − + = +
⇒ − = − +

− = −
⇒

=
= ⇒ = ∨ =

= ⇒ − = − ⇒ = ±

− = + ∨ − = +
= ⇒ = − ⇒ ∈�

����+��
�=

15 0 15 i bzw. 15 0 15 i− = + − = −
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2

az bz c 0 ; a 0 hat die Lösungen

b b 4acz
2a

+ + = ≠

− ± −=

2z (2i 3)z (5 i) 0
Mit a 1 ; b 2i 3 c 5 i hat man

+ − + − =
= = − = −

22 (2i 3) (2i 3) 4 1 (5 i)b b 4acz
2 1 2 1

− − ± − − ⋅ ⋅ −− ± −= =
⋅ ⋅

(3 2i
1

8)
2

15 i− −− ±=
⋅

(3 2i) (1 4i)
2 1

− ± +=
⋅

(3 2i) (1 4i)
2 1

− ± +=
⋅

{ }IL 2 3i ; 1 i= − +


